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SYMBOLS

Yo

Time step constant

Speed of sound

Dupuis constant for projectile
Measurement of calculational accuracy
Horilzontal velocity coordinate
Vertical velocity ccordinate

Factor

Drag function dependent upon Mach number
Trajectory tangent's angle to horizontal plane
Elevation

Gravitational acceleration

Time setp

Form factor for projectile

Force perpendicular to Earth's surface
Force parallel with Earth's surface
Cycle index (m = 1, 2, 3)

Mach number = V/C

Time step index (n =1, 2, 3)

Pressure

Reference pressure

Polar position coordinate

X coordinate for Iimpact in plane y = 0
Angle in polar coordinate system

Time

p/po Cp F(M,j)/V

Velocity

Initial velocity

Horlzontal position coordinate
Vertical position coordinate

Initial position above ground plane

i11
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FORTRAN PROGRAM FOR CALCULATING THE
TRAJECTORY OF PROJECTILES

Nils Gylden and Ake Johnson,
Research Instlitute of National Defense, Stockholm

Assignment Number DA 23 F /1%

Recipients: MHZ (2 rx), FortF, FMV-A (5 ex), FMV-M (2 ex),
FMV-f (2 ex), FFV/Hk (2 ex), AB Borfors (4 ex), LIAB/Lindesberg,
FOA 1 (2 ex), FOA 4 (2 dx. FOA 2: 00, 07, 08, 20, 21, 24, 50,
54 (3 ex), 56 (3 ex), 57 (3 ex), 70 (3 ex), FRO.

Introduction /4

Certain FOA proJects have demanded numerous and expensilve
computatlions of various projectile's trajectories where only the
initial velocity, the Dupuils coefficlent, and the projectile's
form factor have varied, assuming that the projectile is stable.

This report deals with a FORTRAN program in which the projec-
tile is assumed to be a point moving in UB [expansion unknown]
standard atmosphere under the influence of Dupuis' law of alr re-
sistance. Two degrees of aeromechanical freedom are allowed.
Consideration has been made for the curvature of the Earth, and
the accuracy of the program is within that of the artillery firing
tables.

Since one must consider the effects of air force in calcula-
tions of trajectory motion, the motion equations are not analytical-
ly solvable unless numerical solutions can be applied. This report
is a description of the theoretical background, difference
equations and the computer program,

¥ Numbers in the margin indicate pagination in the foreign text.



Equations for Trajectory Motion =

The motion equations presented here allow for the curvature
of the earth. The Coriolis effect, whose influence upon trajectory
motion depends upon the firing direction, is ignored. Polar
coordinates (r, 6), with the datum at the earth's center, have
been used. The coordinate system (x,y) 1s defined as:

{x=ﬂe (l)
Y = r-R

Thus the altitude above the earth's surface is y, while x is a
coordinate on the surface. The motion equations in the coordinate

system (r, 6) are:

Lr_ . ® )if_
at® a (2)
ST RIS & TR

at

We now include tL: air force upon the projectile -m f(v), and
assume that thls force is applied in the trajectory tangent's
direction. With the inclusion of the gravitational acceleration,

we then derive:
K = amn f(v V
r (v) & /v g (3)
Kg = = m £(v) Ty /v

where

() 2("")2"1/2 H)2(dx)2 (4)
- LG + ;,;J=[><1)(>}



In the (x,y) system the motion equations are:

2
ax 8 , _,dxdy
122 @ /-2 a /(B )

(5)
2 2

d 1 dx

e RRE Ok AR L G+ DG

Air Porces

At time ¢ 0, the projectile is assumed to depart from the
point x = 0, y = Yor Its velocity is Vo and its direction of
travel corresponds to the angle of elevation ¢o. Retardation of
the projectile due to drag 1s described according to Dupuis f(v) =
CD -p/po'F(M,J) where CD
reference pressure, M is the Mach number and j is a form factor.
When 1 ¢« M, we have, according to reference 1:

i1s a constant, p 1s the pressure, Py is a

2
P(M,3)= 96000(M-3-0,5) + 15936(-2,05) » 107525H=-1,94)" (¢,

when 0,83931 <M < 1 the rollowing is true:

F(M,3)= 96000(0,14-0,35 j+(0,36~0,65 j) * 10'5’8(1'M)) (7)
when 0,81736 < M < 0,83931 the following is true:

P(M, 1)= 96000(0,14+0,36°10~>280 M)y _ sanss 3 u2 (8)

andwhen M < 0,8173% the following is true:

P(M,3)= (24630 - 58054 j) 2 (9)

Environmental data have been taken from reference Z.



The speed of sound C and the relative pressure p/p° when y < 19,000 m
are:

¢ = 20,052 J278 - 0,006 y n/s

0,006 (10)
= - VU0 ¥ 597
wp, = (1 - =)
(11).
and whén y > 10,000 m
C = 20,052 +218'n/s (12)
p/po = 0,250119 * e ~1,5688 * 10 (y.w::n) (13)
For gravitational acceleration:
g(y) = 9,818 (1 -——L) m/s (14)
6,37 10
Numerical Method of Solution /7

The velocity is calcualted with Heun's method, which yields
an error O(h ) in one time step. An initial value (index f) for
dx/dt (t+h) and dy/dt (t+h) is derived from:

%—’é;(tm) = Z(t) - n -g—’,:(t)[U(t) + m dt(t)]
(15)
S (van) = 201 - b [0(e) $K) + aly(0)) - (& () + )
b ¢

Thereby:

u(t) = p/p, * F(M,3) * Cpfv(t) (18)



An initial value of yf(t+h) for y at time t+h 1is derived from:

yolten) = y(v) + 3 [FHx) + %{-f(tm)].

Using these data, the function Uf(t+h) 1s calculated
analagously to (16), after which the final velocity values are
derived from:

Folon) = G0 - 3 [0(6) Fe) + vglom) Fluan) +

*Ty(?)' (t)%(t) * 3t (uh)%tL(Hh))]

%(uh) = %%(t) -1 [u(t)%%(t) + Ug(tea) 21—(1:+h) -
- G M)((E(t» v (g (wen)) )]

- h g(y(t)).

The final position is determined by:
h { dx dx
x(t+h) = x(t) + 3 [Tﬁ;'(t) + -&-%-(tm)]

y(ten) = y(t) + 5 [ G(e) + F(em) ]

This formula also has an error 0(h3) in one time step.

(17)

(18)

(19)



The time step should be increased succesively during the
operation, since the veloclty and the retardation forces tend to
vary conslderably. The following formula has been used:

a
2 . -a-',f(tso)

ely=0
h=a min (20)

v
cD. P/po°F M,3)

The first expression in equation 20 corresponds to a situation
in which the air force can be ignored.

The last expression in equation 20 corresponds to the
characteristic veloclty decrease interval in a situation where the
air force 1s the dominating retardation mechanism. The factor
o is selected small enough that satisfactory computational accuracy
is achieved.

As v exceeds the speed of sound, a special formula for the
time step must be used, since F(M,jJ) as per equations 1-4 varies
discontinuously. The following procedures have been used when v(t+h)
> C and v(t+h) < C, and when v(t) < C and v(t+h) > C. h has been
derived from equation 20, and a new h value (h') is calculated as

follows:
M(t) - 1
h'.h.%

The calculation is repeated from t till t+h' (at t+h' the velocity
v is extremely close to C). After the sound barrier has been
broken, equation 20 is once again used in selection of the time
step.



The calculations are terminated when y(tn+h) < 0. The impact
time tn+eh in the plane y = 0 1is determined by using:

Y(tn) ﬂz)
¢ = YT = y(t 0]

and the horizontal position of the lmpact is determined by:

= x(t_+en) = x(t,) + ¢h %"; (t=t) (23)

After a trajectory has been calculated, the o value in
equation 20 is halved, and the calculation 1s repeated. This
process continues ur+til the difference between the two results
lsm+1 - Sm|~<d, where d is an input constant and m = 1,2,3...
The errcr in § ., 1s then on the order of a/3.

Computer Program

The main routine processes input, output and most of the
computational work according to equations 14-23. Subroutine
FUNK is employed in calculation of the drag function F(M,j) using
equations 6, 7, 8 or 9, depending upon the Mach number which is
applicable. The Mach number, the relative preo.s3ure and the velocity
are calculated using equations 10, 11 and 4 cr 12, 13 and 4, using
the MACH subroutine. The trajectories for a cousiderable number
of projectiles can be calculated in the same run, and the respective
projectiles' data decks are given out in order. FORTRAN lists for
the routines are given in annexes 2-4.

Input and Oatput

SI units are used for all input and output. The input data 1is
punched according to the form in annex 1, which clearly indicates
those data which are to be entered.



The time step constant is 0.005-0.05.

The table data is written on unit 6, and each individual
trajectory (point for point) is written on unit 8.

Examples of output data are given in annex 5, which includes
tables and diagrams of several trajectories.

When the program is executed with the object deck, a CPU time
of approximately 0.6 seconds per 100 steps is needed in IBM 360/75's
high-speed storage.

Final Comments /10

As shown, the points of impact generated by this program
exhiblit small differences after the time step has been halved only
a few times (see annex 5). There 1s excellent agreement with the
firing tables given in annex 5, whlch show the results of test
firings of 105 mm high explosive shells (m/60Z). According +
firing table (F1092-051920 SKJT 1 10.5 cm HAUB, page 281), t.
firing range for v = 61C m/s is 121 1/2 hm, ¢ = 28.57° (500'),

J = 0.04 and Cp = 3.213 x 10'4 with lng 8 [expansion unknown].
Our calculated radius of action is 121.43 hm. The calculations
were carried out in relatively few time steps because of the
variable time step. This resulted in low costs, approxim:tecly
0.80 kr/trajectory for approximately 50 time steps, which <11 .w
for satisfactory accuracy in most cases.

The program 1s stored in source program form, and in object
form on punched cards numbered G 312 and G 313 (for production
runs), in Grindsjdn's data cverminal, where data forms as per annex
1 are available. Approximately 36 k bytes of memory are needed
in runs with the object deck.
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Annex 2:1 (4)

PROGRAM FOR CALCULATION OF PROJECTILE TRAJECTORIES WITH TWO
DEGREES AEROMECHANICAL FREEDOM. DUPUIS' LAW OF AIR RESISTANCE

IS APPLIED.

THE PROGRAM SELECTS A TIME STEP AND ADAPTS IT TO THE TRAJECTORY

CONTINUALLY.

INPUT

CARD 1 TXT 20A4

CARD 2 MMAX 1I5
IHA I5
IV 15
ICD 15

AIFA1F10.0

YO F10.0
D F10.0

S Fl10.0
CARD 3 V01 E10.3
V1 E10.3
CDA El0.3

READOUT

EACH INDIVIDUAL TRAJECTORY READ OUT STEP FOR STEP ON UNIT 8, WITH A

CAPTION FOR MAX 80 ALPHANUMERICAL SYMBOLS
NUMBER OF TIMES TIME STEP IS HALVED

NUMBER OF DIFFERENT VELOCITIES FOR WHICH
CALCULATION WILL OCCUR

NUMBER OF VARIOUS ELEVATIONS FOR WHICH CALCU-
LATION WILL OCCUR

NUMBER OF VARIOUS CDO CONSTANTS FOR WHICH
CALCULATION WILL OCCUR

TIME STEP CONSTANT (SUITABLE VALUE = 0.005-
0.05)

INITIAL ALTITUDE ABOVE GROUND FOR PROJECTILE
MAXIMUM ALLOWABLE DIFFERENCE IN IMPACTS AFTER
ONE OR MORE TIME STEP DIVISIONS

/12

FORM FACTOR (CORRESPONDING TO J IN FIRING TABLES)

INITIAL VELOCITY(S3' (IHA ST)

ELEVATION(S) (IVI ST) WRITTEN DIRECTLY AFTER VOl

CDO CONSTANT(S) (ICD ST) WRITTEN DIRECTLY
AFTER V1

COMPOSIT TABLE ON UNIT 6
SUBROUTINES INVOLVED: MACH, FUNK

ALL UNITS IN SI SYSTEM

ORIGINAL PAGE IS
OF POOR QUALITY

DIMENST N TAT (20),WUL120),VI (2(),CNAC20)
BATA b o gST 9t ¥/0T 02007k 33 16+ =T 9+ o37F6/
CALL LA (IYSAR G T Trg 10y 1/ 1)
1 Qtﬁ”(bv7ohwv=3l)(le(K)yV=1y?u)..“ixol~k'IVI9lLUpﬁLFﬁloYU0095

7 FIIRaAT{ 20067615 436F10,0)

14 Rzggr)
VIl (n )= e

11



VI{K)=0.
3 COA(K)=0.
N=MAXO({IHA,1V]I,ICD)

READ(s,‘r)‘VOl (K)'K=IQIHA)9‘VI (K,ngl'IVI)Q(CDA(K)’K=I’ICD)

4 FORMAT(BE10.3)

WRITE (6,5 IMMAX9IHA2IVI S ICDsALFAL YO 9D9Se(VOL(K)VI(K),CDA(K), _/_li
#K=14¢N) '
5 FORMAT(1H1,5X, 'INPUT DATA (ST = UNITS .'/6X927('=1)//6X,
# 'NUMBER OF TIME STEP HALVINGS . =v,16//6X,
» 'NUMBER OF VELOCITIES =0 ,16//6X,
# 'NUMBER OF ELEVATIONS eV ,16//76X,
& 'NUMBER OF CDO CONSTANTS =t ,16//6X,
% " TIME STEP CONSTANT ) =V,F10.3//6X,
2 ¢ INITIAL ELEVATION ABOVE GROUND 29 ,F10.3//6X,
» VALLOWABLE DIFFERENCE IN IMPACTS =V,F10.3//6X,
» vFORM FACTOR FOR PROJECTILE =% ,F10,3//8X, -
% YVELOCITIES, RLEVATIONS, CDO .CONSTANTS .0 /6X,45(%=1)7(6X,
*Fl303’F1503|t1l05/)’
WREITE(646)IYEARy IMONTH o IDAY o (TXT (K) 9K=1,20)
€ FORMAT (1H1 10X YTRAJECTORY CALCULATIONS OF PROJECTILES COMPOSITE
% TABEE® ,313/11X,65(%+1)//11X,20A4/11X,8CG(%+")
% /716Xy 'START 415X, NUMBER  OPERATION- MAX - OPERATION
®= (D~COEF . " IMPACT - IMPACT - FORM FACTOR® ~
x /14X o "VELOCITY ELEVATION .STEP (- DISTANCE CLIMB ALTITUDE
% TIME FICIENT ANGLE VELOCITY JY/11X9103(%40))
DO 30 IC=1,ICD
CD=CDA(IC)
DO 30 IH=1,IHA
vO=VOl(IH)
DO 30 IV=1,IVI
FI=vI(IV)
RANGE=0.
=0
ALFA=ALFA1

7 WRITE(8+8)(TXT(L)yL=1,20)

8 FORMAT(1H1,10Xy " TRAJECTORY CALCULATIONS OF PROJECTILES', 20AS/11X,107('+'}//

*4X o' TIME PATH

¥ FINAL VELOCITY 1

* COORDINATE M/S)
FIX=FI

Fla=FIX/RAD

V=v0

N=0

TT=0,

X=0.,

YMAX=0,
DXVT=VO=COS(FIA)
DYDT=VO*SIN(F]IA)
Y=Y ¢

s~

12

: ALTITUDE
MACH® /3X,y * ( SEK)
Y-COORDINATE (M/S)- -TRAJBCTORY M/S)

UF POOR QUALITY

ANGLE VELOCITY 1 VELOCITY 1
192(7Xy* (M) *) 94Xy '] TRAJECTORY X-L
NUMBER'/1X,88('+"'))

\
-
—

|

"*\'~~VAL PAGE B



1C

11
12

13

h2=0YDT /4 J9UY

CALL MACH (Y sLXDT JLYUT gl g0ty V)
wRITE(B 10 JTT o X oY oF I1X ’Dan DYLT VU
FORMATLLX 9F1Ce593F10e294F12,2)

GO TO 12
WRITE(R10)ITT o X oY FIXyDANT 4DYDT 4V oU
CALL EUNK (U39S oF)

R=COxQxF/V

LlsU

K=1

HzALFARAMINLI(L 4 /R yH2)

DX=DOX0T

DY=0YLT

GR=9,818% (1 -Y%ST])

RYT=(1.+Y/RY)/RY
DXDT=DX* (1l e=H%(R+2 .2DY/ (RY+Y)))
NYDT=PY~m% (R* Y +ER-DX2NHXXNYT)
Yiis¥+rs{Y¥+LU LTI/ 2.

CALL MACH (YR sUXDT qDYDT yU o0 yV)

CALL FUNK (U3SF)

Rn=CL > %/ V

DXUT= DX-n*((R*DA+RN*DXDT)/1.+(bX*UY+ﬂXDT*hYDT)I(RY+Y))
NYLT=LY=r%{ (R DY +RN20YDT = (DX X +LXDT=DXDT ) 2RYT ) /2.4+6GR)

16 YrznsiDY+uYLT) /2

YN=Y+YH
CALL MACKH (YN DXDT sDYDT sU 40y V)
GO TO(17421)0K

17 1F(UL-1.)119,18,18
18 IF(U~1.)20+21+21
19 IF{U-14121+20,20
20 H=kE (Ul-1.)/7(U1-U)+1.E-(4

21

K=2

GO Tu 13

TA=TT

FIX=RAD*ATAN2 (DYDT DXODT)

TT=TT+M

XR=X

X=X+* (DX+DXDOT)/2.

o V/ ORIGINAL PAGE 15
Y=Y+¥YH OF POOR QUALITY
YaAX=AMAXL (YMAX Y )

hafie]

IF(Y)22422,11

22 EPS=YP/(YP-Y)
RAMGE 1 =RAKGE
Y=,
X=XRaH®EPS %X
TT=TA+HXEPS
OXOT=0X+EPS % {LXDIT-1X)
DYDT=DY+EPS%#(LYDT~-DY)
CALL MACH(Y 4DXDT y0)YDT yli 40 ,V)
FIXZRADZATANZ (DYDT 40X0T)

13



23
24

25
26
27
%
2%

30
31

RANGE =X
WRITE(R,].O).'TOX’Y’FIx’nan fDYDT 3V U
[E(M—l)23v25925
w

: NGE oY AX g TT9CDoFIX VS
lTb(h'ZA)Vn'FI'ﬁi%i?ﬁ?;r,7=10.i,F10.1,612.5.2kln-loFlﬂ-?)

FhREATILLX 9F1061,
Gn 1O 27
NR[TE(6926)!\"{M\GE9YMA7'TTQFIXgV .
FhKMAT(31X9I10’2F10.19F10.1QIZXston
IF(m)29929 428

iF ;AHS(RANGEI—RANGE)-D)30929929

ALFA=G S =ALFA
PN

IE(m=raAX )T 430 130
CUNT INUE

G0 TG 1

STUP

END

(16

C.....................0........................Q............O.........‘..

(X aNa) OO0

OO0

SUBROUT INE FUNK (UsSsF)
CALCULATE DRAG FUNCTION FOR PROJECPILE -

VARIABLES IN.LIST OF ARGUMENTS

v MACH NUMBER
S FORM FACTOR (CORRESPONDS TO J IN FIRING TABLES) -
F DRAG FUNCTION CALCULATED BY ROUTINE

XXX XXX IR E RSN RN NN NN R NN R N N NN RN W R N NN N NN RN NN RN R NNENNERENENSENSENENENNENXNESES]

14

IF(U~1e)292¢1
FOR MACH NO. oLGT. le

A=-5o5% (U~1.94 ) 252

Fr3o6E4%(U=S=0.5)+1.5936E4%(U=-2,05)%10.%%A

» ETURN

u2=u=y o

5525 48054E4 %S RIG

IF(U~0.83931)4 44,3 OF nggl' PAgp
QUA» -y

FOR MACH NO. ,GT. 0.83931 OCH .LE. 1. -

A==5.8%(] s=U)
"2946E4%(0e14-0e35%5+(0:36-0s65%5)%10.%%A)
RETURN

IF{U-0681736)649645



oo

FOR MACH NO. o.GT. 0.81736 OCH oLE. 0.83931

5 A==5.8%(1.~V)
F29.6E4*(0s14+40e36%10.%%*A)=S5%2

RETURN _
FOR MACH NO. oLE. 0.81736

6 F=U2%*(2+.463E4-S5)
RETURN
END

c........QQ.................................................O....

QOO OON

OO

OO0

SUBROUTINE MACH(Y DXDTCYDT,Uy0,V)

CALCULATES RELATIVE PRESSURE, MACH NUMBER, AND VELOCITY
VARIABLES IN LIST OF ARGUMENTS

Y ALTITUDE ABOVE SEA LEVEL FOR PROJECTILE

DXDT VEIOCITY'S HORIZONTAL TIME DERIVATIVE -
DYDT VE&EEITY'S VERTICAL TIME DERIVATIVE

(V) MACH NUMBER
Q RELATIVE PRESSURE
y PROJECTILE VELOCITY
000000000000 00000000000000 0000000000000 00000000000000000000000001
A=Y~-1 .E4

IF(A)2,2,1
ABE .oT. 10000 M

C=296.061
0=0,250119*EXP (~A%*]1.5688E~4)
GO T0 3

AL -
Rooe oLE. 10000 M

T=le=Y*2,158273E~5

C=334,33%SQRT(T)

Q=T x5 ,7

V=SORT(DYDT #DYDT + DXDT#DXDT*(le + Y/6.37E6) *%2)
u=v/C )

RETURN

END
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